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This paper presents a numerical method for ﬁnding a tensegrity structure based on the ground structure
method. We ﬁrst solve a mixed integer programming (MIP) problem which maximizes the number of
struts over the self-equilibrium condition of axial forces and the discontinuity condition of struts. Subse-
quently we solve the minimization problem of the number of cables in order to remove redundant self-
equilibrium modes, which is also formulated as an MIP. It is regarded to be advantageous that our
method does not require any connectivity information of cables and struts to be known in advance, while
the obtained tensegrity structure is guaranteed to satisfy the discontinuity condition of struts rigorously.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Tensegrity structure is a class of tension structures, which con-
sists of pin-jointed members transmitting only axial forces.
According to the deﬁnition given by Fuller (1975), a tensegrity
structure is a prestressed pin-jointed structure consisting of con-
tinuous tensile members (cables) and discontinuous compressive
members (struts). Since such a structure does not necessarily have
enough stiffness from the practical point of view, the concept of
tensegrity has been generalized extensively; see, e.g., Motro
(2003), Wang (2004), and the references therein.
Light-weight characteristic of tensegrity and tensegric structure
is recognized as a signiﬁcant advantage for space structures over
the conventional structural systems in civil engineering (Fu,
2005). In aerospace engineering tensegrity structures have been
adopted as deployable structures (Sultan and Skelton, 2003; Fur-
uya, 1992). Recently tensegrity structures have also received
increasing attention in various research ﬁelds including biome-
chanics (Baudriller et al., 2006), cellular biology (Ingber, 1998),
and discrete mathematics (Jórdan et al., 2009).
In this paper we propose an optimization-based approach to
ﬁnd a tensegrity structure which rigorously satisﬁes the disconti-
nuity condition of struts. It should be emphasized that our method
does not require any information of the connectivity of cables andll rights reserved.
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., 2-7-1, Marunouchi, Chiyoda,struts to be known in advance, which is regarded as a major con-
tribution of this paper.
There have been many studies on form-ﬁnding of tensegrity
structures; see, e.g., Zhang and Ohsaki (2006), Masic et al. (2005),
Juan and Mirats Tur (2008), Tibert and Pellegrino (2003), Zhang
et al. (2006), Gomez Estrada et al. (2006). However, as input data,
those methods require to specify the connectivity of members as
well as the labeling indicating whether each member is to be a
cable or strut. Based on the group representation theory, a system-
atic approach was presented to enumerate topologies, i.e. connec-
tivities and labelings of members, of tensegrity structures which
share a common group-theoretic symmetry property (Connelly
and Terrell, 1995; Connelly and Back, 1998). Particularly, for
tensegrity structures with a rotational symmetry property, form-
ﬁnding methods utilizing such a symmetry property have been
proposed (Masic et al., 2005; Sultan et al., 2002), and the stability
conditions of such tensegrities were also investigated by using the
group representation theory (Zhang et al., 2009). However, these
methods based on the group theory assume that the group symme-
try underlying a family of tensegrities is known in advance, i.e. it is
necessary to specify a symmetry property of tensegrity structures
before the form-ﬁnding process. Thus, it still remains as a challeng-
ing problem to ﬁnd a new pair of the connectivity and the labeling
of members of a tensegrity structure satisfying its deﬁnition
rigorously.
We propose a numerical algorithm for ﬁnding a tensegrity struc-
ture based on the ground structure method, which has been widely
used for topology optimization of discrete structures. Given a pin-
jointed structure with the speciﬁed locations of nodes and sufﬁ-
ciently many candidate members, our problem is to ﬁnd a labeling
of members which indicates whether each member is to be a cable,
572 S. Ehara, Y. Kanno / International Journal of Solids and Structures 47 (2010) 571–579a strut, or removed, so that the resulting structurebecomes a tenseg-
rity structure. It is shown that the discontinuity condition of struts
can bewritten as a system of linear inequalities in terms of the axial
forces and some additional binary, i.e. 0–1, variables.
Our approach consists of twoparts; at the ﬁrst stepweﬁnd a self-
equilibriummode of axial forces satisfying the discontinuous condi-
tion of struts, while at the second step we remove redundant cables
from the structure obtained at the ﬁrst step. At each step we solve a
mixed integer programming (MIP) problem. See e.g., Wolsey (1998)
for basics of MIP. As a variant of the problem to be solved at the ﬁrst
step, we also present another MIP for ﬁnding a tensegrity unit, or
module (Murakami and Nishimura, 2001), which can be connected
one-by-one to obtain a larger tensegrity structure. Note that we re-
strict ourselves to ﬁnding a self-equilibrated conﬁguration, and con-
sider neither the stability nor the stiffness of tensegrity structures in
this paper. It is emphasized that our approach does not require any
labeling of members or any underlying group symmetry property
tobeknown inadvance. To theauthors’ knowledge, noefﬁcient algo-
rithm has been proposed for design of tensegrity structures which
does not require any information of the connectivity of struts and
cables, even for the speciﬁed locations of nodes which can exist.
Most of existing methods require to specify the sets of struts and
cables, or to specify at least anunderlying group symmetry property,
and then aim at ﬁnding the locations of nodes.
This paper is organized as follows. Section 2 introduces the dis-
continuity condition of struts as well as the minimal tensegrity for
the given set of struts and candidates of cables. In Sections 3 and 4,
we present an algorithm in which we solve two MIPs sequentially;
an MIP for ﬁnding a self-equilibriummode satisfying the discontin-
uous condition of struts is formulated in Section 3 to obtain a fea-
sible set of struts, and the problem of minimizing the number of
cables for the given set of struts is formulated as another MIP in
Section 4. Section 5 discusses a simple scheme for designing a
tensegrity module. Numerical results are presented in Section 6;
tensegrity structures with non-symmetric and symmetric conﬁgu-
rations are presented in Sections 6.1 and 6.2, respectively, and
examples of tensegrity modules in Sections 6.3 and 6.4. Some con-
clusions are drawn in Section 7.
A few words regarding our notation: all vectors are assumed to
be column vectors. The ðmþ nÞ-dimensional column vector
ðuT;vTÞT consisting of u 2 Rm and v 2 Rn is often written simply
as ðu;vÞ. The cardinality of the set S is denoted by jSj. For example,
if S ¼ f1; . . . ;mg, then jSj ¼ m.2. Self-equilibrated conﬁguration and tensegrity conditions
Consider a pin-jointed structure without any support. We say
that the structure with prestresses, i.e.with a nonzero axial forces
vector, is at the state of self-equilibrium if it satisﬁes the static
equilibrium condition when no external load is applied.
Suppose that the locations of nodes of a structure are speciﬁed
in the three-dimensional space. Let V and E denote the set of nodes
and the set of members, respectively, where jV j ¼ n and jEj ¼ m.
For convenience, let E ¼ f1; . . . ;mg. We denote by q ¼ ðqiÞ 2 Rm
the vector of axial forces of members. The self-equilibrium condi-
tion in terms of the axial forces is written as
Hq ¼ 0:
Here, H 2 R3nm denotes the equilibriummatrix, which is a constant
matrix. The degree of static indeterminacy is deﬁned by
s ¼ dimðKer HÞ ¼ m rank H: ð1Þ
Note that a cable and a strut transmit only compressive and tensile
forces, respectively, and hence we have qi > 0 for a cable and qi < 0
for a strut.Although there exist various deﬁnitions of tensegrity structures
(Motro, 2003), we employ the one which consists of the self-equi-
librium condition and the discontinuity condition of struts. More
precisely, we consider a free-standing pin-jointed prestressed
structure, any two struts of which do not share a common node.
Let EðnjÞ  E denote the set of indices of the members which are
connected to the node nj 2 V . The deﬁnition above is formally sta-
ted as follows.
Deﬁnition 2.1. A structure is said to be a tensegrity satisfying the
discontinuity condition of struts if there exists a vector q^ 2 Rm
satisfying
q^– 0 : Hq^ ¼ 0; ð2Þ
jfi 2 EðnjÞjq^i < 0gj 6 1; 8nj 2 V : ð3ÞNote that we remove the member i if q^i ¼ 0 in the conditions of
Deﬁnition 2.1. Since Deﬁnition 2.1 requires only the existence of
self-equilibrium mode of axial forces which satisﬁes the disconti-
nuity condition of struts, the self-equilibrium mode of a tensegrity
structure deﬁned by Deﬁnition 2.1 is not unique in general. From
such a tensegrity structure it might be possible to remove some
cables without changing the locations of struts. Suppose that at
least one strut has vanishing axial force if we remove any cable
from a tensegrity structure. Then the tensegrity has no redundant
cables, it is regarded as the minimal one for the given set of struts
and set of cable candidates. Such a minimal tensegrity structure
has no redundant self-equilibrium mode, while it still has the
self-equilibrium mode satisfying the discontinuity condition of
struts.Such a minimal tensegrity structure is formally deﬁned
below.
For q^ satisfying the conditions in Deﬁnition 2.1, deﬁne
Ecable; Estrut  E by
Ecable ¼ fi 2 Ejq^i > 0g; ð4Þ
Estrut ¼ fi 2 Ejq^i < 0g; ð5Þ
i.e. Ecable and Estrut are the sets of member indices of cables and
struts, respectively. The following deﬁnition captures the essence
of a tensegrity structure which is minimal in the sense that it in-
cludes no redundant cables for the given set of struts and set of
cable candidates.
Deﬁnition 2.2. A tensegrity structure satisfying the discontinuity
condition of struts is said to be a minimal tensegrity if it satisﬁes
q
Hq ¼ 0
qi0 ¼ 0
qi P 0 ð8i 2 Ecable n fi0gÞ
qj < 0 ð8j 2 EstrutÞ

8>><
>>:
9>>=
>>;
¼ ;; 8i0 2 Ecable:
Remark 2.3. The degree of static indeterminacy of a minimal
tensegrity structure is not necessarily equal to one.
In the following sections we propose an algorithm for ﬁnding a
tensegrity from a given ground structure. Our algorithm consists of
two parts corresponding to Deﬁnitions 2.1 and 2.2. The former
(Section 3) corresponds to ﬁnding a self-equilibrium mode satisfy-
ing the discontinuous condition of struts and the latter (Section 4)
to removing redundant cables for the set of struts which is ob-
tained at the former step.
3. Topology with discontinuous struts
We present here an MIP problem for ﬁnding a tensegrity struc-
ture satisfying the conditions in Deﬁnition 2.1.
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pin-jointed structure with ﬁxed locations of nodes and sufﬁciently
many members that can exist. We solve an MIP presented below in
order to ﬁnd a self-equilibriummode q^. By using q^we assign mem-
bers as follows.
q^i > 0 ) the member i is to be a cable;
q^i < 0 ) the member i is to be a strut;
q^i ¼ 0 ) the member i is to be removed:
8><
>: ð6Þ
We ﬁrst reformulate (3) in Deﬁnition 2.1 into a tractable form.
We introduce a binary variable, xi 2 f0;1g, associated with each
member in order to indicate whether the member i is a strut or
not. LetM and e be positive constants, whereM is sufﬁciently large,
i.e. 0 < e M. Consider the linear inequalities
Mxi 6 qi 6 Mð1 xiÞ  e ð7Þ
for each i 2 E. Since xi 2 f0;1g, we see that (7) is equivalent to
qi < 0 () xi ¼ 1;
qi P 0 () xi ¼ 0;

ð8Þ
i.e. xi ¼ 1 if and only if the member i is supposed to be a strut.
Hence, the number of struts connected to the node nj is equal toP
i2EðnjÞxi. Since at most one strut can be connected to each node,
we haveX
i2EðnjÞ
xi 6 1; 8nj 2 V : ð9Þ
Note that the total number of struts is given by
P
i2Exi. Since it is
natural to attempt to choose as many struts as possible from the
given ground structure, we consider the maximization problem
of the number of struts. From (7) and (9), the maximization prob-
lem of the number of struts of a tensegrity structure satisfying the
discontinuity condition of struts is formulated as
ðMIP-1Þ : max
q;x
X
i2E
xi ð10aÞ
s:t: Hq ¼ 0; ð10bÞ
Mxi 6 qi 6 Mð1 xiÞ  e; 8i 2 E; ð10cÞ
X
i2EðnjÞ
xi 6 1; 8nj 2 V ; ð10dÞ
x 2 f0;1gjEj: ð10eÞ
Note that the problem (10) is a 0–1 mixed integer programming
problem.We denote by ðq^; x^Þ the optimal solution of (10). The char-
acteristics of members are determined from q^ according to (6). We
next verify that the obtained structure satisﬁes the conditions in
Deﬁnition 2.1.
We have already shown that (3) in Deﬁnition 2.1 is equivalent
to (10c)–(10e). The equality condition in (2) is explicitly included
in (MIP-1) as (10b). Hence, it sufﬁces to consider the condition
q^– 0 in (2).
If x^– 0, then (8) implies q^– 0, which is as expected. Hence,
suppose x^ ¼ 0 in the following. Note that the trivial solution,
q ¼ x ¼ 0, is feasible for (MIP-1). Since (MIP-1) maximizes the
number of struts, q^ ¼ 0 implies that it is impossible to construct
a tensegrity structure from the given ground structure. On the
other hand, if q^– 0, then the optimal solution includes no struts
but some cables. Since we consider a free-standing ground struc-
ture, a structure consisting only of cables cannot satisfy the self-
equilibrium condition. Hence, q^– 0 with x^ ¼ 0 is not feasible for
(MIP-1).The discussion above is summarized as follows.
 x^– 0) a tensegrity structure with discontinuity condition of
struts is obtained from q^ according to (6);
 x^ ¼ 0 ) it is impossible to ﬁnd a tensegrity structure from the
given ground structure.
Note again that in this paper we restrict ourselves to ﬁnding a
self-equilibrated conﬁguration, and the issues of stability and the
stiffness of tensegrity structures are not dealt with.
Remark 3.1. In this paper we focus on tensegrity structures
satisfying the conditions in Deﬁnition 2.1, i.e. the number of struts
connected to each node is at most one. However, the presented
formulation can be immediately applied to a class of tensegric
structures with more relaxed connectivity condition of struts. For
example, suppose a tensegric structure such that each node is
connected to at most p struts, where p is a given natural number.
Such a structure can be found by replacing (10d) in (MIP-1) withP
i2EðnjÞxi 6 p ð8nj 2 VÞ.4. Topology with minimal cables
In this section we present an MIP for ﬁnding the minimal
tensegrity (Deﬁnition 2.2) from the given tensegrity satisfying
the discontinuity condition of struts (Deﬁnition 2.1).
We have shown in Section 3 that a tensegrity structure satisfy-
ing the conditions of Deﬁnition 2.1 can be obtained by solving
(MIP-1) in (10). By using the optimal solution of (MIP-1), a feasible
set of struts, Ecable, for the given ground structure is speciﬁed by (5).
As the second stage of tensegrity design we attempt to remove
cables as many as possible in order to obtain the minimal tenseg-
rity for the speciﬁed Ecable and set of cable candidates.
Consider a ground structure, which has the same nodes, V, as
those used in (MIP-1), and includes any member in Estrut. Let Ecable
be the set of candidates of cables. We choose Ecable so that
Ecable  Ecable and Ecable [ Estrut ¼ ;, where Ecable is deﬁned by (4) from
the optimal solution of (MIP-1). Then the minimization problem of
the number of cables, (MIP-2) presented below, is guaranteed to
be feasible, because theoptimal solutionof (MIP-1)becomes a trivial
feasible solution of (MIP-2). Note again that the ground structure for
(MIP-2), deﬁned with the set of nodes V and the set of members
Ecable [ Estrut, is not necessarily same as that for (MIP-1). It should
be clear that, throughout this section, the equilibrium matrix H
and axial forces vector q are deﬁned for the ground structure for
(MIP-2), i.e. H 2 R3njEcable[Estrut j and q 2 RjEcable[Estrut j.
Associated with each i 2 Ecable, we introduce a binary variable
yi 2 f0;1g which indicates whether the cable i can be removed or
not. Consider the linear inequalities
0 6 qi 6 Myi; ð11Þ
where M is a sufﬁciently large positive constant. Since yi 2 f0;1g,
we see that (11) is equivalent to
qi P 0; ð12Þ
qi > 0 ) yi ¼ 1;
qi ¼ 0 ( yi ¼ 0:

ð13Þ
We remove the member i if yi ¼ 0. From (13) it follows that by min-
imizing yi over (11), yi becomes equal to 1 if and only if qi > 0. Con-
sequently, the minimization problem of the number of cables with
the speciﬁed Estrut is formulated as
ðMIP-2Þ : min
q;y
X
i2Ecable
yi ð14aÞ
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qi 6 e; 8i 2 Estrut; ð14cÞ
0 6 qi 6 Myi; 8i 2 Ecable; ð14dÞ
y 2 f0;1gjEcable j; ð14eÞ
where 0 < e M. Note that (14e) is a 0–1 mixed integer program-
ming problem.
Let ðq; yÞ denote the optimal solution of the problem (14e).
Observe that in (14e) we attempt to minimize the sum of yi, from
which and (13) we obtain
qi > 0 () yi ¼ 1;
qi ¼ 0 () yi ¼ 0;

at the optimal solution. Hence, the optimal value of the problem
(14e) is equal to the number of remaining cables. By removing
cables corresponding to yi ¼ 0, we can obtain the minimal tenseg-
rity which does not include any redundant cables.
Remark 4.1. We have presented a method in which we solve
two MIPs sequentially in order to obtain a tensegrity structure
satisfying the conditions in Deﬁnitions 2.1 and 2.2. It is possible
to formulate a single MIP for ﬁnding such a tensegrity directly
from the given ground structure, i.e. the minimization problem
of the number of cables with the speciﬁed lower-bound of the
number of struts can be formulated as an MIP. However, from
our preliminary numerical experiments it was observed that it is
very difﬁcult to solve this single MIP by existing well-developed
software for MIPs, e.g. CPLEX (ILOG, 2008). It is conjectured that
the lower bound constraint on the number of struts cannot be
dealt with efﬁciently, because the locations of struts are not
known in advance. This motivates us to propose a two-phase
algorithm. Note that at the second step we specify the locations
of struts, which are found at the ﬁrst step. This may explain the
reason why MIP at the second step of our method can be solved
more efﬁciently for moderately large structures compared with
the single MIP formulation.5. Topology of tensegrity module
We here consider a problem of ﬁnding a tensegrity unit, or
module, which can be connected one-by-one to obtain a new
tensegrity structure with a larger size.
We start with a sufﬁcient condition for tensegrity modules.
Suppose that a tensegrity structure, which is referred to as the
tensegrity (T), satisfying the conditions in Deﬁnitions 2.1 and 2.2.
Consider a set of two struts, which is called the linking part (A),
as shown in Fig. 1. The two struts consisting of the linking part
(A) are referred to as the struts (A-1) and (A-2). Suppose that there
exists another set of two struts, (B-1) and (B-2), where the position
relationship between (B-1) and (B-2) is the same as that betweenlinking part (A)
linking part (B)
(A-1)(A-2)
(B-1)(B-2)
(T)
(T2)
Fig. 1. Schematic representation of a tensegrity module. Thick lines indicate struts.(A-1) and (A-2). We call the set of (B-1) and (B-2) the linking part
(B) as shown in Fig. 1. Then the tensegrity (T) can be connected to
another (T) by superimposing the linking part (A) of the former (T)
on the linking part (B) of the latter (T). Here, we replace each dupli-
cate strut in the superimposed linking part with a single strut. It is
easy to see that the obtained tensegrity structure, (T2) illustrated
in Fig. 1, also satisﬁes the conditions in Deﬁnitions 2.1 and 2.2, be-
cause we have not added any additional cables and struts in order
to construct (T2). Thus a new tensegrity with a larger size can be
obtained from the two tensegrity modules (T). Similarly, (T2) can
be connected with (T) again.
In the procedure of the ground structure method it is easy to
prepare two candidates of linking parts such that the position rela-
tionship of members is parallel to each other. Let Econnect denote the
set of struts of candidates of linking parts. We solve the following
MIP, instead of (MIP-1), in order to ﬁnd a tensegrity unit satisfying
the discontinuity condition of struts:
ðMIP-1unitÞ : max
q;x
X
i2E
xi
s:t: Hq ¼ 0;
Mxi 6 qi 6 Mð1 xiÞ  e; 8i 2 E;
X
i2EðnjÞ
xi 6 1; 8nj 2 V ;
xi ¼ 1; 8i 2 Econnect;
x 2 f0;1gjEj;
where 0 < e M. In a manner similar to Section 4, a tensegrity unit
without redundant cables can be obtained by solving (MIP-2) for
Estrut deﬁned from the optimal solution of ðMIP-1unitÞ.
6. Numerical examples
Various tensegrity structures are found by using the proposed
method based on MIPs. Computation has been carried out on
Quad-Core Xeon E5450 (3GHz) with 16GB RAM. We solve MIPs
by using CPLEX Ver.11.2 (ILOG, 2008) with the default settings.
6.1. Tensegrity structures with randomly generated nodal coordinates
Consider a ground structure shown in Fig. 2a, which consists of
12 nodes and 66 members (jVj = 12 and jEj = 66). Note that there
exists a member which connects any two node, i.e. the topology
of the ground structure is the perfect graph with the 12 nodes.
The coordinates of all the nodes are randomly generated on the
surface of a sphere.
We solve (MIP-1) in (10) to ﬁnd a tensegrity satisfying the dis-
continuity condition of struts. The optimal solution obtained is
shown in Fig. 2b, which consists of 6 struts and 30 cables. The de-
gree of static indeterminacy is 6.
Wenext solve (MIP-2) in (14e) in order toﬁnd the tensegritywith
theminimum number of cables. The ground structure for (MIP-2) is
deﬁned by Fig. 2b, i.e. Ecable :¼ Ecable in (14e). The optimal structure
obtained is illustrated in Fig. 2c, which consists of 6 struts and 25
cables, and the degree of static indeterminacy of which is equal to 1.
We solve similar examples for ground structures with various
numbers of nodes. In each case the ground structure for (MIP-1)
is deﬁned as the perfect graph, while the ground structure for
(MIP-2) is deﬁned by the optimal solution of (MIP-1). The results
are listed in Table 1. Here, n and jEj denote the numbers of nodes
and members of the ground structure for (MIP-1), respectively,
jEstrutj and jEcablej are the numbers of struts and cables of the
Fig. 2. A 12-node example. Thick and thin lines indicate struts and cables, respectively. (a) The ground structure with 12 nodes and 66 members; (b) The optimal solution of
(MIP-1); (c) The optimal solution of (MIP-2).
Table 1
Computational results of (MIP-1) and (MIP-2) for ground structures with randomly
generated nodal coordinates.
n (MIP-1) (MIP-2)
jEj CPU (s) jEstrutj jEcablej s jEcable j CPU (s) Cable s
12 66 0.26 6 30 6 30 0.34 25 1
20 190 0.03 10 56 12 56 0.22 45 1
40 780 0.39 20 124 30 124 0.57 97 3
60 1770 3.30 30 193 49 – – – –
S. Ehara, Y. Kanno / International Journal of Solids and Structures 47 (2010) 571–579 575optimal solution of (MIP-1), respectively, s is the degree of static
indeterminacy, jEcablej and ‘cable’ are the numbers of cables of the
ground structure and optimal solution of (MIP-2), respectively.
It is observed in Table 1 that (MIP-1) is solved efﬁciently even if
we increase n and jEj. For n ¼ 60, (MIP-2) cannot be solved by usingCPLEX within 86,400 s. As n increases, s of the solution of (MIP-1)
increases, and hence the number of redundant cables increases.
Consequently, the number of cables which are removed in (MIP-
2) also increases, which makes it difﬁcult to solve (MIP-2) for
n ¼ 60.6.2. Tensegrity structures with symmetric conﬁgurations
We next consider an example shown in Fig. 3, where the ground
structure has some symmetric properties. It is often that the sym-
metry of a tensegrity conﬁguration causes the rank-deﬁciency of
the equilibrium matrix. Hence, the number of cables of the mini-
mum tensegrity depends on its topology, and the conventional
Maxwell counting rule does not necessarily hold (Connelly et al.,
2009; Calladine, 1978).
Fig. 3. A 10-node symmetric example. (a) The ground structure; (b) The optimal solution of (MIP-1); (c) The optimal solution of (MIP-2); (d) A minimal tensegrity including
17 cables.
576 S. Ehara, Y. Kanno / International Journal of Solids and Structures 47 (2010) 571–579Consider a ground structure illustrated in Fig. 3a, where
n ¼ 10 and jEj ¼ 41. The ground structure consists of three lay-
ers, where the top and bottom layers are in triangular shapes
and the middle one in a rectangular shape. Note that the conﬁg-
uration of this structure is symmetric by the reﬂection with re-
spect to the yz-plane and the rotation around the x-axis with the
angle p. The optimal solution of (MIP-1) is shown in Fig. 3b,
which consists of 5 struts and 18 cables. For ﬁnding the tenseg-
rity with the minimum number of cables, we next solve (MIP-2),
where the ground structure for (MIP-2) is given by Fig. 3a, i.e.
Ecable :¼ E n Estrut in (14e). Both of (MIP-1) and (MIP-2) are solved
within one second by CPLEX (ILOG, 2008). The optimal solution
of (MIP-2) is illustrated in Fig. 3c, which has 5 struts and 16
cables. We see that the tensegrity in Fig. 3c satisﬁes
21 = 5 + 16<3jVj  6 = 24, which implies that the conventional
Maxwell rule does not hold. Thus this tensegrity is kinematically
and statically indeterminate. However, this tensegrity is stabi-
lized by introducing prestresses, i.e. it is prestress stable (Guest,2006; Connelly and Whiteley, 1996), because the stress matrix of
this tensegrity is positive deﬁnite (after removing the freedom of
rigid-body motions). The prestress stability property is also ver-
iﬁed from an actual model that we created. Finally we solve
(MIP-2) for a slightly modiﬁed ground structure, where the low-
er-right member is removed. The optimal solution is shown in
Fig. 3d, which has 17 cables. Thus the minimum number of
cables depends on the topology of tensegrity.
6.3. A tower-type tensegrity-module
In this and the following section we present examples of
tensegrity modules obtained by using the method presented in
Section 5.
Consider the perfect graph with 18 nodes as a ground structure,
where the locations of nodes are shown in Fig. 4a. The four struts
(two on the bottom layer and two on the top layer) parallel to
the xy-plane are speciﬁed as the elements of Ecable. Fig. 4a
Fig. 4. A tower-type example of tensegrity module. (a) The tensegrity module with parallel linking parts; (b) The tensegrity consisting of 5 modules.
S. Ehara, Y. Kanno / International Journal of Solids and Structures 47 (2010) 571–579 577illustrates the tensegrity module with 9 struts, which is obtained
by solving ðMIP-1unitÞ and (MIP-2). Each problem can be solved
within a few seconds. The structure in Fig. 4a is kinematically
determinate, and its degree of static indeterminacy is 1. By con-
necting ﬁve units we obtain the tensegrity structure illustrated in
Fig. 4b, the degrees of static indeterminacy of which is 5.6.4. A ring-type tensegrity-module
Consider a ground structure deﬁned as 18-node perfect graph in
a manner similar to Section 6.3. In contrast to Fig. 4, the nodal
coordinates of two linking parts are not parallel but are trans-
formed to each other by rotation with the angle p=4. The obtained
tensegrity module is illustrated in Fig. 5a. By connecting eight
modules we can obtain the ring-type tensegrity shown in Fig. 5b.
The degrees of static indeterminacy of tensegrity structures shown
in Figs. 5a and 5b are 1 and 8, respectively. Note that these struc-
tures are kinematically determinate.7. Conclusions
In this paper we have presented a numerical method for ﬁnding
a tensegrity structure based on the ground structure method. In
our method we solve the two MIPs (mixed integer programming
problems) sequentially in order to ﬁnd a tensegrity structure
which satisﬁes the self-equilibrium condition as well as the discon-
tinuity condition of struts.
At the ﬁrst stepwe solve anMIPwhichmaximizes the number of
struts over the self-equilibriumcondition and thediscontinuity con-
dition of struts. Note that it is very difﬁcult to deal with the discon-
tinuity condition of struts rigorously by existingmethods for design
of tensegrities.Wehaveshownthat this conditioncanbewrittenasa
system of linear inequalities in terms of the axial forces and some
additional binary variables. Since the optimal solution obtained at
the ﬁrst step has some self-equilibrium modes in general, we solve
an MIP which minimizes the number of cables as the second step.
We have also presented a simple scheme to design a tensegrity unit,
or module, which can be connected one-by-one. It has been shown
Fig. 5. A ring-type example of tensegrity module. (a) The tensegrity module with linking parts which are transformed to each other by the rotation with the angle p=4;
(b) The tensegrity consisting of 8 modules.
578 S. Ehara, Y. Kanno / International Journal of Solids and Structures 47 (2010) 571–579that such amodule canbe foundby adding some linear equality con-
straints to the MIP to be solved at the ﬁrst step.
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